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A theory of the rotational isomerization of the indole side chain of tryptophan-47 of variant-3
scorpion neurotoxin is presented. The isomerization potential energy, entropic part of the iso-
merization free energy, isomer probabilities, transition state theory reaction rates, and indole
order parameters are calculated from a minimum perturbation mapping over tryptophan-47
χ1 ×χ2 torsion space. A new method for calculating the fluorescence anisotropy from molec-
ular dynamics simulations is proposed. The method is based on an expansion that separates
transition dipole orientation from chromophore dynamics. The minimum perturbation po-
tential energy map is inverted and applied as a bias potential for a 100 ns umbrella sampling
simulation. The entropic part of the isomerization free energy as calculated by minimum
perturbation mapping and umbrella sampling are in fairly close agreement. Throughout,
the approximation is made that two glutamine and three tyrosine side chains neighboring
tryptophan-47 are truncated at the Cβ atom. Comparison with the previous combination
thermodynamic perturbation and umbrella sampling study suggests that this truncated neigh-
bor side chain approximation leads to at least a qualitatively correct theory of tryptophan-47
rotational isomerization in the wild type variant-3 scorpion neurotoxin. Analysis of van der
Waals interactions in a transition state region indicates that for the simulation of barrier
crossing trajectories a linear combination of three specially defined dihedral angles will be
superior to a simple side chain dihedral reaction coordinate.

PACS numbers: 82.20.Db, 82.20.Wt, 87.15.He

I. INTRODUCTION

Nanosecond time scale simulations of the dynamics of protein side chains could potentially predict both
the conformation and isomerization rates of the side chains. This knowledge has important applica-
tions to homology modeling, structure prediction, protein design, and the interpretation of spectroscopy
experiments.1,2,3,4 Approximate theories of side chain isomerization are of considerable interest, since
they can give the same information as molecular dynamics simulations at substantially less computa-
tional cost. Indeed, at current hardware performance levels direct simulation of side chain isomerization
is not usually feasible. Perhaps the most accurate yet computationally feasible atomic level methods for
predicting side chain conformation probabilities and isomerization rates are umbrella sampling and con-
strained reaction coordinate dynamics.5,6 For most applications it is essential to search for the simplest
side chain isomerization theory that still gives acceptable accuracy. This accuracy can be measured by
comparing predictions of simple theories and the more accurate simulation methods. Given a known pro-
tein structure and a stable mutation, the minimum perturbation approach gives a very simple estimate
of the conformation probabilities of the mutant side chain.7 This method is based on the hypothesis
that the overall structure of a stable mutant differs from the wild type protein only in the positions of
backbone and side chain atoms neighboring the mutant side chain. Adiabatic mapping can also estimate
side chain conformation probabilities.8,9 Since adiabatic mapping simultaneously scans side chain torsion
space and relaxes all other degrees of freedom, it generally results in somewhat more extensive structural
rearrangements than the minimum perturbation approach. Adiabatic mapping has been more widely
applied than the minimum perturbation method.

A significant difficulty that must be overcome before applying constrained reaction coordinate dy-
namics is the identification of a suitable reaction coordinate. A simple transition state model may help
select a good reaction coordinate as well as provide a rough estimate of a side chain isomerization rate.

1



For example, it is frequently possible to start with a Langevin equation for a one dimensional reaction
coordinate10,11,12 and subsequently improve this reaction coordinate.13,14 It is also possible to construct
a simple transition state theory of the side chain isomerization from a normal mode analysis of the side
chain isomers and transition states. The resulting transition state is of dimension three times the number
of atoms and the isomerization reaction coordinate is the transition state eigenvector with a negative
eigenvalue15,16 and the side chain conformation probabilities are proportional to the isomer eigenfre-
quency products.17 In general, a one dimensional theory of side chain isomerization will not be very
realistic and a theory with dimension equaling about three times the number of atoms in a protein will
contain a great number of nonessential degrees of freedom. Following Bennett, the hypothetical space
containing only essential degrees of freedom is denoted the participant space.18

Here a simple participant space theory of side chain isomerization is presented. This theory provides
estimates of both isomer free energies and transition rates. As an application, a two dimensional partic-
ipant space theory for the rotational isomerization of the indole side chain of tryptophan-47 of variant-3
scorpion neurotoxin is constructed by minimum perturbation mapping in side chain torsion space. The
free energy of rotational isomerization is also measured by an umbrella sampling simulation. The accuracy
of the participant space theory is assessed by comparing the free energy prediction with that from the
umbrella sampling simulation. Examination of the van der Waals forces in the minimum perturbation
mapping of neurotoxin tryptophan-47 suggests a reaction coordinate suitable for constrained reaction
coordinate dynamics.

All of the simulations presented here employ a truncated neighbor side chain approximation. Interac-
tions of the tryptophan-47 indole ring system with the neighboring backbone and Cβ atoms are included
and interactions with neighboring side chain atoms beyond Cβ are neglected. In particular, the bulky
neighboring side chains glutamine-2 and 49 and tyrosine-4, 40, and 42 are mutated to alanine. The
tryptophan-47 rotational isomerization energy calculated with the truncated side chain approximation is
a rotamer self-energy. This self-energy includes interactions with backbone and neighboring Cβ atoms
and can be viewed as the first term in a multiresidue interaction expansion. The second order terms are
the 15 pairwise interactions between tryptophan and the restored side chains of the 5 residues mutated
to alanine. Though these pairwise interactions are not studied here, termination of the expansion with
the second order terms should result in a fairly accurate model of tryptophan-47 isomerization. For
example, Desmet et al. successfully modeled side chain packing in the insulin dimer with an energy func-
tion that terminates with pairwise rotamer interactions.1 Note that their dead-end elimination theorem
considers multiple residue combinations, but the energy is always expressed as a sum of rotamer self-
energies and pairwise interactions. Ponder and Richards calculated tertiary templates for proteins from
a rotamer library and van der Waals contact and packing density selection criteria.19 Since fixed side
chain geometries are implicit in a rotamer library, the contact selection criterion includes only pairwise
rotamer interactions. Though methods such as simulated annealing or rule-based side chain modeling
are not restricted to pairwise rotamer interactions, applications of these methods probably have not yet
achieved sufficient accuracy to detect the effects of a restriction to pairwise rotamer interactions.20,21,22

The results presented here, which give the free energy of rotational isomerization of tryptophan-47 with
the truncated neighbor side chain approximation, are in qualitative agreement with a previous umbrella
sampling calculation that includes higher order rotamer interactions and explicit solvent.4 Whatever the
level of error introduced by the truncated neighbor side chain approximation, the results presented here
certainly apply to the neurotoxin homolog with mutations E2A, Y4A, Y40A, Y42A, and E49A. This
neurotoxin homolog provides a computationally convenient test case for comparison of participant space
and atomic level models. The homolog mutations are not necessarily required by the participant space
theory or the minimum perturbation method.

II. THEORY

The participant space theory of side chain rotational isomerization is presented in this section. The
essential idea is to select a D dimensional participant space on which the free energy and the reaction
coordinate will depend explicitly, where D is large enough to give a more realistic model than a one
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dimensional configuration coordinate. Constraints are then introduced on all degrees of freedom not
included in the participant space. The protein system degrees of freedom are thus partitioned into a
participant space that is strongly coupled to the reaction coordinate and remaining degrees of freedom
that are completely uncoupled. This partitioning of the system into coupled and uncoupled modes is
perhaps similar to a Langevin type model where the system is partitioned into a reaction coordinate and
a heat bath. Formally, this participant space theory looks like a multidimensional transition state theory
with D − 1 vibrational modes in the transition state.

Suppose the system consists of N particles and the participant space is given by D independent
generalized coordinates q1, q2, . . . , qD, which are collectively denoted by an unsubscripted q or in matrix
equations by a boldface column vector q. These generalized coordinates are defined by a transformation
equation into the Cartesian coordinate space

ri = ri(q), i = 1, 2, . . . , N, (1)

where ri is the Cartesian coordinate position vector of the ith particle. Note that the notations herein
generally follow those of Goldstein.23 There must also be l = 3N −D holonomic constraints of the form

σk(r1, r2, . . . , rN ) = 0, k = 1, 2, . . . , l. (2)

The participant space isomerizaton theory presented below requires only the Cartesian transformation
Eq. (1) and does not explicitly require the constraint Eq. (2). Note that Eq. (2), or an equivalent l
generalized coordinates, are required to replace constraints with stiff restraining forces;24,25 however,
since a protein is expected to have many soft degrees of freedom outside the participant space, the stiff
restraint approximation will probably be poor and of little interest anyway. The Hamiltonian for this
constrained system is

H(q, p) =
1
2
p̃ T−1p + V (q), (3)

where the conjugate momenta p1, p2, . . . , pD are denoted by p, except in the quadratic form where the
momenta are denoted by the column vector p, T is the participant space metric tensor and V (q) is the
potential energy as a function of the participant space configuration. The conjugate momenta

p = Tq̇ (4)

and the components of the metric tensor T are

Tjk =
N∑

i=1

mi
∂ri

∂qj
· ∂ri

∂qk
, j, k = 1, 2, . . . , D, (5)

where mi is the mass of the ith particle. Obviously, the metric tensor is generally a function of the
position in participant space. The notation T(q) emphasizes this.

In the canonical ensemble the phase space probability density is

ρ(q, p) =
e−βH(q,p)

QNV T
, (6)

QNV T =
∫
· · ·

∫
e−βH(q,p)dqdp, (7)

where β = 1/kBT and QNV T is the participant space partition function. By rearranging and appropri-
ately normalizing Eq. (6), the phase space probability density can be expressed as the product of the
configurational and conditional momentum probabilities

ρ(q, p) = P (q)P (p|q), (8)

P (q) = |T(q)| 12 e−βV (q)

Z
, (9)
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Z =
∫
· · ·

∫
|T(q)| 12 e−βV (q)dq, (10)

P (p|q) = |T(q)|− 1
2

(
β

2π

)D
2

exp
[
− 1

2βp̃ T−1(q)p
]
, (11)

where Z is the configurational partition function. Since the probability P (q) defined by Eq. (9) is the
participant space partition function at fixed q, the Helmholtz free energy as a function of q is

A(q) = −kBT ln P (q). (12)

The Helmholtz free energy is also A(q) = E(q) − TS(q), where E(q) and S(q) are the participant space
internal energy and entropy. Since kinetic energy in the Hamiltonian Eq. (3) is a quadratic form of the
generalized momenta, the ensemble average kinetic energy is independent of generalized coordinates or
A(q) = V (q) − TS(q). Comparing this with Eqs. (9) and (12) identifies the metric tensor determinant
with the participant space entropy

S(q) = kB ln |T(q)| 12 . (13)

Equations (12) and (13) define the participant space Helmholtz free energy and the entropic part of this
free energy −TS(q).

The second part of the participant space isomerization theory is a transition state theory estimate
of the isomer transition rates. If it is assumed that the position and momentum are independent in
the participant space transition state and that the transition state is harmonic, then in the transition
state region the position and momentum probability distributions, Eqs. (9) and (11), can be replaced by
diagonalized expressions for position and velocity probability distributions. In particular, it is assumed
that the potential energy in the transition state region is

V (q) = V (q‡) + 1
2 (q − q‡)̃ V(q − q‡), q ≈ q‡, (14)

where V is symmetrical and real. Since the metric tensor T is positive definite, T(q = q‡) and V can be
simultaneously diagonalized. Thus,

Ã TA = 1 (15)

and
Ã VA = λ, (16)

where A is the eigenvector matrix and λ is the diagonal matrix of eigenvalues. The position and velocity
in generalized coordinates are

q− q‡ = Aζ (17)

and
q̇ = Aζ̇, (18)

where ζ is the column matrix of normal coordinates. The desired diagonal position and velocity probabil-
ity distributions are easily obtained either by expressing the Hamiltonian as a function of ζ and conjugate
momenta or by directly transforming Eqs. (9) and (11). The results are

P (ζ) = Z−1 exp
[
− 1

2βζ˜λζ − βV (q‡)
]

(19)

and

P (ζ̇) =
(

β

2π

)D
2

exp
[
− 1

2βζ̇˜ζ̇
]
. (20)

The participant space transition state theory estimate of the reaction rate is obtained from the usual
transition state theory expression for the reaction rate5 by replacing the reaction coordinate with the
eigenvector ζn corresponding to the negative eigenvalue. The rate is

kTST = 1
2 〈|ζ̇n|〉

P (ζn = 0)∫
R P (q)dq

, (21)
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where 〈|ζ̇n|〉 is the average absolute value of the reaction coordinate velocity, P (ζ = 0) is the probability
per unit ζn at ζ = 0 and P (q) is the participant space probability density, given by Eq. (9), and the
subscript R on the integral indicates that the integration is over the entire reactant well. From Eq. (20)
it follows that

1
2 〈|ζ̇n|〉 = (2πβ)−

1
2 (22)

and from Eq. (19) that

P (ζn = 0) = Z−1

(
2π

β

)D−1
2


∏

i�=n

ω−1
i


 e−βV (q‡), (23)

where ω2
i is the ith positive eigenvalue. Substituting Eqs. (9), (22) and (23) into Eq. (21) gives the

participant space reaction rate

kTST =
1
2π

·

(
2π
β

)D
2

(∏
i�=n ω−1

i

)
e−βV (q‡)∫

R
|T(q)| 12 e−βV (q)dq

. (24)

Though Eq. (24) is the main result, it is instructive to specialize it for a harmonic reactant well. In
this case the probability integral over the reactant well is

∫
R

P (q)dq = Z−1

(
2π

β

)D
2

(
D∏

i=1

1
ω′

i

)
e−βV (q′), (25)

where q′ is the position of the well minimum and ω′
i is the square root of the ith eigenvalue in the

reactant well, which is obtained by simultaneously diagonalizing the potential energy quadratic form and
the metric tensor T(q = q′). Substituting Eq. (25) into Eq. (24) gives an expression that is, in functional
form, identical to the classical transition state theory reaction rate:26,27

kTST =
∏D

i=1 ν′
i∏

i�=n ν‡
i

e−β[V (q‡)−V (q′)]. (26)

The significant difference is that this expression contains only the normal frequencies in the D dimensional
participant space rather than the full 3N dimensional Cartesian space and these modes depend explicitly
on the participant space metric tensor given by Eq. (5).

III. METHODS

A. Minimum perturbation mapping

The procedure for generating the participant space Hamiltonian resembles the minimum perturbation
approach of Shih et al.7 In the simplest case, the minimum perturbation approach locates the minimum
energy conformation of a side chain in two steps. First, a grid search is conducted by rigid rotation about
the side chain torsion angles in the fixed field of the rest of the protein. The resulting rigid geometry
minimum energy structures are then further refined by minimization. During this minimization the
protein atoms nearest the side chain Cα atom are free, those beyond some cutoff are fixed and those in
between these extremes are restrained with graded harmonic constraints. The minimum perturbation
procedure presented here is the same as this except that instead of minimizing only the lowest energy
rigid geometry structures, the rigid geometry structures are minimized at all torsion space grid points.
The rigid geometry torsion angles at each grid point are preserved by minimizing in the presence of a large
dihedral constraint potential. Mapping of the entire side chain torsion space rather than minimization at
only the local minima is required to define the isomerization barriers with reasonable accuracy.11 During
the minimization step the minimum perturbation mapping procedure divides the protein into free and
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fixed regions without any graded harmonic constraints in between. Furthermore, this division is not
based simply on distance from the side chain Cα atom; the free atoms include the side chain atoms, hand
picked neighboring residues and interconnecting peptide units. Note that in an adiabatic mapping8 the
side chain torsion angles of the final minimized structure at one grid point are rotated through a small
angle to create the initial structure for minimization at the next grid point. This alternating rotation and
minimization is repeated in a linear or radial pattern until the entire side chain torsion space is covered.
Thus adiabatic mapping differs from minimum perturbation mapping because in the latter all the rigid
geometries are generated by torsion angle rotations from the same initial structure.

A minimum perturbation mapping over the χ1 × χ2 torsion space of a side chain generates both an
energy map and a configuration map. The energy map is a single scalar function on χ1×χ2 torsion space
giving the potential energy at each point in participant space. The configuration map is equivalent to 3N
scalar functions since it assigns each point in torsion space to a point in 3N dimensional configuration
space, where N is the number of free atoms. The configuration map is a numerical representation of
transformation equation (1) from χ1 × χ2 torsion space into Cartesian coordinate space. An alternative
transformation equation can be constructed by rigid rotation of the χ1 and χ2 torsion angles of a reference
structure, for example, the crystallographic structure. Since the geometry of side chain and neighboring
free atoms varies subtly but continuously as a function of χ1 and χ2, the minimum perturbation con-
figuration map is referred to as the deformable geometry map. The rigid rotation configuration map is
referred to as the rigid geometry map. Whichever the configuration map, the Helmholtz free energy and
the transition state theory reaction rate, Eqs. (12) and (24), require the participant space metric tensor,
which in turn requires the partial derivatives of the configuration map with respect to the participant
space generalized coordinates, Eq. (5). The partial derivatives of the minimum perturbation configuration
map with respect to χ1 and χ2 can be calculated by numerical interpolation. The derivative of the rigid
rotation transformation equation is

∂ri

∂χj
= nj×rij , j = 1, 2, (27)

where n1 and n2 are unit vectors along the χ1 and χ2 axes of rotation, respectively, and ri1 and ri2 are
position vectors relative to a point on the χ1 and χ2 axes of rotation, respectively. Note that though
χ1 × χ2 side chain torsion space and participant space are loosely synonymous here, the former is an
ordered pair of torsion angles and the latter is a set of generalized coordinates plus a transformation
equation into Cartesian coordinate space. Thus, there are rigid and deformable geometry participant
spaces, both of whose generalized coordinates are χ1 × χ2 torsion space.

B. Umbrella sampling

The minimum perturbation energy map also serves as a bias potential for umbrella sampling. The
Umbrella sampling bias potential forces on the five consecutive side chain atoms that determine the χ1

and χ2 torsion angles are the negative of the gradients

∇j U =
∂U

∂χ1
∇j χ1(r1, r2, r3, r4) +

∂U

∂χ2
∇j χ2(r2, r3, r4, r5), (28)

where U = U(χ1, χ2) is the bias potential, ∇j is the gradient operator with respect to the Cartesian
coordinates of the above five atoms, j = 1, . . . , 5, and r1, . . . , r5 are the five atomic position vectors. The
gradients of χ1 and χ2 are nonzero only for the first and last four atoms, respectively. It is most common
to express forces due to a torsion potential as gradients of the sin or cosine function of the torsion angle.28

The direct expressions for the gradients are not as well known and more convenient

∇1 χ(r1, r2, r3, r4) = −|g|
|a| â, (29)

∇2 χ(r1, r2, r3, r4) =
|g|2 + f · g

|a| |g| â − h · g
|b| |g| b̂, (30)
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∇3 χ(r1, r2, r3, r4) =
−|g|2 + h ·g

|b| |g| b̂ − f ·g
|a| |g| â, (31)

∇4 χ(r1, r2, r3, r4) =
|g|
|b| b̂, (32)

where ∇1, . . . ,∇4 are the gradient operators with respect to the Cartesian coordinates of the four con-
secutive atoms defining torsion angles χ1 or χ2, the vectors r1, . . . , r4 are the positions of these atoms,
a = f×g and b = h×g with â and b̂ the unit vectors in the direction of a and b, and f = r1 − r2,
g = r2 − r3, and h = r4 − r3. These gradient expressions are the same as those given by Wilson et al.,29

see their Sec. 4-1, Eqs. (21-24).

C. Order parameters

The following model can predict fluorescence emission order parameters and anisotropy decay from a
simulation of chromophore dynamics or order parameters from a minimum perturbation mapping. The
model assumes that depolarization is due to rotational motion only and that the ensemble of protein
molecules is macroscopically isotropic. The emission anisotropy is30

r(t) =
2
5
〈P2[µ̂A(0)·µ̂E(t)]〉, (33)

where absorption occurs at time t = 0 and emmision at time t, P2 is the second-order Legendre polynomial,
µ̂A and µ̂E are time dependent unit vectors directed along the absorption and emission dipole moments,
and the angle brackets denote an ensemble average.

Frequently, simulations do not provide any information about the overall motion of a protein molecule
and the depolarization predicted by Eq. (33) is that due to internal motions only. If the internal motions
are independent of an isotropic overall motion, the factor exp(−t/τm) may be inserted in Eq. (33),
where τm is the correlation time for the overall motion. The dependence of the emission anisotropy on
the transition dipoles orientation can be removed from the ensemble average appearing in Eq. (33) by
applying the addition theorem and the rotation equation for spherical harmonics.31,32 Given two vectors
µA and µE with polar and azimuthal angles in the laboratory coordinate frame θA, φA and θE , φE ,
respectively, the addition theorem for second-order spherical harmonics is

P2(µ̂A·µ̂E) =
4π

5

∑
m

Y m∗
2 (θA, φA)Y m

2 (θE , φE), (34)

where P2 is the second-order Legendre polynomial, Y m
2 are second-order spherical harmonics, and the

integer index m ranges from −2 to +2. The rotation equation for second-order spherical harmonics is

Y m
2 (θ, φ) =

∑
m′

D
(2)∗
mm′(Ω)Y m′

2 (θ′, φ′), (35)

where θ and φ are the polar and azimuthal angles of the transition moment in the laboratory frame, θ′

and φ′ are the polar and azimuthal angles of the transition moment in the chromophore frame, D
(2)
mm′

are second-order rotation matrix elements, and Ω is the set of Euler angles that rotate the laboratory
frame into the chromophore frame. To obtain the fluorescence anisotropy substitute Eq. (34) into Eq.
(33), convert both absorption and emission dipole spherical harmonics from the laboratory frame into
the chromophore frame with the aid of Eq. (35), rearrange the order of summation, and move constant
factors out of the ensemble average. This gives the fluorescence anisotropy as an expansion in rotation
matrix element correlation functions

r(t) =
8π

25

∑
mm′

Y m∗
2 (θ′A, φ′

A)Y m′

2 (θ′E , φ′
E)

〈∑
m′′

D
(2)
m′′m[Ω(0)]D(2)∗

m′′m′ [Ω(t)]

〉
, (36)

where θ′A and φ′
A are the polar and azimuthal angles of the absorption dipole in the chromophore frame,

θ′E and φ′
E are the polar and azimuthal angles of the emission dipole in the chromophore frame, Ω is the

7



set of time dependent Euler angles for the rotation of the laboratory frame into the chromophore frame,
and the angle brackets denote ensemble averages. The expansion contains 25 rotation matrix element
correlation functions that are ensemble averages over the chromophore orientations and have coefficients
depending on the transition dipole moment orientation relative to the chromophore frame. The limit as
time approaches infinity of 5/2 times Eq. (36) is the chromophore order parameter

S2 =
4π

5

∑
mm′

Y m∗
2 (θ′A, φ′

A)Y m′

2 (θ′E , φ′
E)

∑
m′′

〈D(2)
m′′m〉〈D(2)

m′′m′〉∗. (37)

For molecular dynamics simulations with constraints against overall motion, Eq. (37) will give the order
parameter for internal motions on the time scale of the simulation. Expressions for the fluorescence
anisotropy and order parameter similar to Eqs. (36) and (37) have been published by Szabo;33 see for
example his Eqs. (4.17) and (5.7). The advantage for the analysis of molecular dynamics simulations of
separating the orientations of the transition dipoles and the dynamics of the chromophore is that the
time averages required by the rotation matrix element correlation functions need only be computed once.
This advantage has apparently not been previously recognized.

D. Simulations

The simulations reported here treated all nonpolar hydrogens as extended heavy atoms. The dielectric
constant was numerically equal to distance in angstroms between interacting atoms. The charges on all
ionized side chains were reduced by 80%. The nonbonded interactions were switched off over the range
of 7.0 to 11.0 angstroms. Prior to minimum perturbation mapping the crystallographic structure34 was
conjugate gradient minimized for 5 steps. This brief minimization removed all bad contacts and generated
a structure differing by only 0.08 angstroms RMS from the crystallographic structure. Glutamate-2 and
49 and tyrosine-4, 40, and 42 were then mutated to alanines. The free atoms all belonged to three residue
segments: alanine-2, glycine-3, and alanine-4; alanine-40, cystine-41, and alanine-42; and cystine-46,
tryptophan-47, cystine-48, and alanine-49. All the atoms of these residues were free except for the side
chains of cystine-41, 46, and 48. The carbonyl groups of lysine-1, glycine-39, and alanine-45 and the
amide groups of leucine-5, alanine-43, and glycine-50, which belong to the intraconnecting peptide units
of the three segments, were also free. There were 67 neighboring atoms free plus the 11 tryptophan-47
side chain atoms free, for a total of 78 free and 491 fixed atoms, see Fig. 1. Simulations with these 78
atoms free are referred to below as free neighbor atom simulations. Simulations were also conducted with
all neighboring atoms fixed, including the backbone atoms of tryptophan-47, but not the Cβ atoms of
the two glutamates and three tyrosines mutated to alanine. These fixed neighbor atom simulations had
a total of 16 atoms free and 553 atoms fixed.

The minimum perturbation mappings were computed on a five degree grid of tryptophan-47 χ1 ×
χ2 torsion space.35 The initial structures were generated from the crystallographic structure with bad
contacts removed by editing the χ1 and χ2 internal coordinates and building the tryptophan-47 side
chain from the topology and parameter file internal coordinates. During minimization χ1 and χ2 were
constrained with a harmonic constraint energy constant of 400 kcal mol−1 rad−2. At each of the 5184
grid points the free atoms were minimized in the presence of the fixed atoms for 40 steps by the steepest
descent method and then 240 steps by the Powell method.36 SHAKE,37 with bond lengths taken from
the parameters, was then applied to all bonds involving hydrogen and the system was minimized for 40
steps by the Powell method. Any grid point at which the final minimized energy exceeded the energy
map minimum by a threshold value of 50 kcal/mol was labeled as an outlier point. Both the energy map
and the configuration map were interpolated at these outlier points by bivariate interpolation38 on the
single and the 3N component scalar functions, respectively. The interpolation domain was equal to the
region [−240, +240]× [−240, +240] in χ1 × χ2 torsion space. Both maps were then filtered in frequency
space39 with a Gaussian of standard deviation of 0.3 times the maximum spatial frequency for a 5 degree
grid. This is equivalent to convolution in torsion space with a Gaussian of standard deviation of 1/0.3π
times the grid spacing, or 5.31 degrees. The configuration map partial derivatives with respect to χ1 or
χ2 were computed by Fourier transformation into frequency space, multiplication by the square root of

8



minus one times the first or second frequency index, and inverse Fourier transformation. These partial
derivatives were practically indistinguishable from those computed by differentiation of a cubic bi-spline
fit of the filtered configuration map.40 The rigid geometry configuration map was generated from the
crystallographic structure with bad contacts removed by rigid rotation about the χ1 and χ2 dihedral
angles of tryptophan-47. The configuration map partial derivatives with respect to χ1 and χ2 where
computed as indicated by Eq. (27). The entropic part of the Helmholtz free energy −TS was computed
from the rigid and deformable geometry metric tensors as indicated by Eq. (13).

The participant space isomerization theory reaction rates were calculated as indicated by Eq. (24).
The integration over the reactant well in the denominator of Eq. (24) requires a partition of the χ1 × χ2

torsion space grid points of the minimum perturbation mapping. This partition into energy wells was
done by a cellular automata routine.41 There was one cell for each grid point in χ1 × χ2 torsion space.
The initial data was the value of the energy at the grid point and a list of grid points corresponding
to the approximate position of the energy minima. The wells were then grown along increasing contour
levels until they filled all of torsion space. The reactant and product well integrals were computed as
sums over the grid points in each well. The saddle regions of the energy map were least squares fit to
quadratic functions given by Eq. (14). The central grid points and radii were selected to give saddle
regions where the energy map looked roughly quadratic. The six fit parameters were the position of the
χ1 × χ2 torsion space coordinates of the saddle point, saddle point energy, and 3 matrix elements of the
quadratic form. This potential energy quadratic form and the metric tensor at the saddle point were
simultaneously diagonalized as indicated by Eqs. (16) and (15) in the theory section.23,42

The umbrella sampling bias potential was derived by truncating the unfiltered minimum perturbation
energy map at 13.0 kcal/mol above the energy minimum, filtering in frequency space with a Gaussian
of standard deviation of 0.3 times the maximum spacial frequency for a 5 degree grid, and inverting.
The bias potential was interpolated with a periodic cubic bi-spline in χ1 × χ2 torsion space.40 The bias
potential forces on atoms N, Cα, Cβ , Cγ , and Cδ2 of tryptophan-47 were computed as indicated by Eq.
(28) and Eqs. (29-32). The partial derivatives with respect to χ1 and χ2 were obtained by differentiating
the bi-spline. The umbrella sampling simulation time step was 2.0 femtoseconds and bond lengths to
hydrogen were held constant with SHAKE. The velocities were scaled every 500 000 dynamics steps
to 300 K. The probability and internal energy maps on a 5 degree grid in χ1 × χ2 torsion space were
updated after each molecular dynamics time step. The Helmholtz free energy over χ1 × χ2 torsion space
was calculated from the final probability map as indicated by Eq. (12) and the entropic part of this
free energy was obtained by subtracting the final internal energy map. Both the entropic part of the
Helmholtz free energy and internal energy maps were then smoothed by Gaussian convolution equivalent
to a frequency space standard deviation of 0.3 times the maximum spacial frequency for a 5 degree
grid. Since the bias potential truncation resulted in substantial unsampled regions of χ1 × χ2 torsion
space, special precautions were required to avoid smoothing artifacts on the boundary of the sampled
and unsampled regions. This was accomplished by renormalizing the Gaussian convolution function at
each point in torsion space so that the convolution included only sampled regions of torsion space. A
grid point in torsion space was considered sampled if on at least 1000 dynamics time steps the χ1 × χ2

torsion angles fell within the 5 degree squared grid point area. The energy in the unsampled region was
set to the median energy in the sampled region.

Order parameters were computed from the minimum perturbation mapping as indicated by Eq. (37).
The ensemble average was computed by integrating over selected energy wells in χ1×χ2 torsion space on
the same five degree grid that the mapping was computed. The indole coordinates were obtained either
from the deformable or the rigid geometry configuration map. The ensemble weight factors were obtained
either directly as minimum perturbation energy map Boltzman factors or from the configuration space
probability distribution, which was calculated from the minimum perturbation energy and configuration
maps as indicated by Eq. (9). These are referred to as internal energy and free energy weight factors,
respectively. All order parameters were computed for a temperature of 300 K.

The indole coordinate frame x′ axis passed through the midpoint between atoms Cζ3 and Cη2 in
the direction of the Cδ1 atom, in the standard atom nomenclature.35 The y′ axis was perpendicular to
the x′axis and in the direction of the half-plane defined by the x′ axis and the direction from atom Cε2

9



to atom Cδ2. The z′ axis completed the right-handed indole coordinate frame. The transition dipole
moment azimuthal angle φ′ was measured from the positive x′ axis in the right-handed sense about the z′

axis and the polar angle was measured from the positive z′ axis. When the direction of a dipole moment
is in the indole plane, the polar angle θ′ is 90 degrees and the azimuthal angle φ′ is essentially identical to
the conventional specification for the direction of a dipole moment.43 For example, the azimuthal angles
of the tryptophan 1La and 1Lb transition dipole moments are −38 and 54 degrees, respectively.30

All calculations reported here were run on a DEC VAX 3600 or DECstation 5000 with executable code
derived from CHARMM44 version 20 and with topology and parameter files from CHARMM version 19.

IV. RESULTS AND DISCUSSION

A. Minimum perturbation mapping

The minimum perturbation energy mapping of tryptophan-47 χ1×χ2 isomerization in variant-3 scorpion
neurotoxin with free neighbor atoms is shown in Fig. 2. There are five wells. The isomer with potential
energy minimum at (χ1, χ2) ≈ (−165, 85) has the tryptophan-47 indole ring in the crystallographic orien-
tation. This isomer and the two others with positive χ2 torsion angles are denoted X for crystallographic
and the two isomers with negative χ2 torsion angles are simply denoted I for isomer. Within these two
groups the isomers are named X1, X2, X3 and I1, I2 in order of increasing χ1 torsion angle, see Table I.
Since the three X isomers are separated from the I isomers by a barrier of about 10 kcal/mol and the
barriers within each group are all less than a few kcal/mol, this nomenclature groups together the more
rapidly interconverting isomers.

At each minimum perturbation mapping grid point the initial structure is generated from the crystal-
lographic structure by rigid rotation about the χ1 and χ2 torsion angles of tryptophan-47. In some initial
structures the indole ring system and the backbone or a neighboring side chain interpenetrate. The min-
imization of such a structure fails spectacularly and results in pretzel like tryptophan-47 structure with
a potential energy of a 1000 kcal/mol or more above the energy map minimum. These extreme outlier
grid points occur exclusively in high energy regions of the energy map and are easily detected by the 50.0
kcal/mol outlier threshold. In Fig. 2(a) there are 291 of the total 5184 grid points above this threshold.
In instances where the outlier grid point is isolated the interpolation of the energy and coordinate maps
generates very high quality replacement values. The majority of the outliers are clustered along the high
energy ridge that approximately follows the line of constant χ1 = 0. The interpolation along this ridge is
fairly poor, particularly in the coordinate map; however, since all the energy wells and transition states
of interest are far from the ridge, the objective is only to remove the outliers.

There are two major sources of error in the minimum perturbation mapping. Systematic errors arise
from the molecular mechanics empirical parameters, the absence of explicit solvent, the distance cutoff of
electrostatic interactions, etc. The random errors are probably dominated by the tolerance within which
the minimization algorithm can find the bottom of a local energy minimum. This random error depends
on the the precise path taken into the local minimum, which is extremely sensitive to the atomic structure
where the minimization starts. The random errors of neighboring grid points are presumed completely
uncorrelated. The systematic errors are highly correlated with a range of spacial frequencies similar to
that of the true energy map. There are possible sources of systematic error with a high spacial frequency.
For example, an electrostatic switching function with an on to off distance of 0.5 angstroms generates
sharp energy map fluctuations with an amplitude of about 1.0 kcal/mol.45 The smoothing of the energy
map in Fig. 2(b) is equivalent to convolution with a Gaussian of standard deviation of 5.31 degrees. This
standard deviation is just large enough to remove the random error at each grid point by averaging over
neighboring grid points. Since the 5 degree grid was deliberately chosen to be smaller than the wavelength
of the highest spacial frequency features expected in the true energy map, the filtering should remove the
random error with very little effect on the true energy map. The energy wells and transition states of
interest are all in the range 0 to 10 kcal/mol. In this range the RMS difference between the filtered and
unfiltered energy maps is 0.13 kcal/mol, which is a good estimate of the random error at each grid point
of the unfiltered energy map.
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The selection of free and fixed atoms is a source of minimum perturbation mapping systematic error.
If there are more free atoms, then the systematic error is reduced and the calculation is more expensive.
The mappings in part (a) and (b) of Fig. 2 are calculated with 78 free atoms. Figure 2(c) shows the
minimum perturbation mapping of tryptophan-47 χ1 ×χ2 isomerization with only the 11 tryptophan-47
side chain atoms and 5 neighboring Cβ atoms free. Fixing the atoms neighboring tryptophan-47 shifts the
well energy minima positions in χ1×χ2 torsion space by up to 20 degrees and changes the relative energy
minima by less than 1 kcal/mol. This suggests that the minimum perturbation mapping is remarkably
stable and converges rapidly as the number of free atoms increases.

In simulation methods such as adiabatic mapping or thermodynamic integration where a side chain
is driven along an isomerization reaction coordinate, the energy difference between two isomers depends
on the torsion space path and even on the direction along this path. Since all the minimum perturbation
mapping initial structures are generated by rigid rotation from a single crystallographic structure, the
path dependency problem does not exist in minimum perturbation maps. The high accuracy of minimum
perturbation mapping claimed above is in large part the result of eliminating the path dependency
problem. Yet elimination of the torsion space path dependency problem does not in itself prove the
underlying sources of error are eliminated. The path dependency problem occurs because other degrees
of freedom do not have adequate time to relax when the reaction coordinate is driven at too fast a
rate.46 For example, if it was possible to find the global minimum energy at each point along any
path, there would be no path dependency in an adiabatic mapping. Since the only relaxation process
permitted by minimum perturbation mapping is adjustment within the local minima defined by the
initial structure, inadequate relaxation may lead to errors in minimum perturbation mapping. Below,
some specific causes of the path dependency problem are identified and examined by comparing minimum
perturbation mapping and adiabatic mapping. This gives insight into why adiabatic mapping fails. It is
shown that some of the path dependency is the result of the process of driving the reaction coordinate and
that minimum perturbation mapping completely eliminates these sources of error. Though these problems
are introduced below in the context of adiabatic mapping, they also occur in other simulation methods
such as thermodynamic integration where a molecular system is driven along a reaction coordinate.

The ring bending is a source of isomerization path dependency that is is peculiar to cyclic side chains.
Ring bending occurs when the side chain is driven through a transition state in which the ring atoms are
in van der Waals contact with neighboring backbone atoms. For simplicity, imagine that the isomerization
reaction coordinate is a single torsion angle, that the transition state is at an angle of zero degrees, and
that in the transition state the ring atom and backbone atom in van der Waals contact are radially aligned
with respect to the rotation axis of the side chain torsion angle. Because of ring bending, the adiabatic
mapping in the positive direction does not reach the radial transition state alignment of the two atoms
in van der Waals contact until an angle of perhaps +10 degrees and at a slightly larger angle the energy
will discontinuously drop by several kcal/mol where the system suddenly discovers that it is way past the
transition state. Adiabatic mapping in the negative direction reaches the radial alignment at −10 degrees
and the energy discontinuity at a slightly larger negative angle. A reasonable method of combining the
positive and negative adiabatic maps is to choose the energy and configuration from the lower energy
mapping at each torsion angle and then to smooth the resulting composite map by averaging the energies
and configurations over neighboring torsion angles. In this idealized example the adiabatic energy maps
in the positive and negative direction are exactly symmetric with respect to reflection about an energy
axis at a torsion angle of zero degrees. The composite energy map on the negative side of the transition
state will be derived from the mapping in the positive direction and on the positive side from the negative
mapping. Before smoothing there is a small discontinuity in the derivative of the composite energy map
at the transition state, because neither the positive nor negative mappings have quite reached their energy
maximum at a torsion angle of zero degrees. Since the ring bending energy tends to dominate the van der
Waals repulsion energy at the maxima of the positive and negative mappings, the composite energy map
neglects mainly ring bending energy and probably gives a pretty good estimate of the barrier height. In
the composite configuration map the transition state ring system is radially aligned, since the composite
transition state configuration weights equally the positive and negative mapping configurations, which
have ring structures bent equally in opposite directions. In this idealized example the composite mapping
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solves the ring bending problem. The essential feature of the ring bending problem is that when a cyclic
side chain is driven over an isomerization barrier, the ring bends and does not discover the far side of the
barrier until the reaction coordinate is far past the true transition state. This can also be viewed as a
relaxation problem. If the ring system is driven slowly enough over the barrier, the thermal fluctuation
processes discover the far side of the barrier as soon as the reaction coordinate passes the true transition
state.

Minimum perturbation mapping solves the ring bending problem because it can’t get stuck as it goes
over the top of the barrier. In the above idealized example of a cyclic side chain isomerization, the
minimum perturbation energy and configuration maps would be identical to the composite maps from
adiabatic mapping. Since the minimum perturbation mapping initial structures are all generated by
rigid rotation, there is no equivalent to adiabatic mapping in the positive and negative direction of the
torsion angle reaction coordinate. The single minimum perturbation mapping accomplishes the same as
the composite adiabatic mapping because the initial alignment of the ring atom and backbone atom in
van der Waals contact is correct. In the initial minimum perturbation mapping structures, the relative
angular orientation of the radius vectors of the contact atoms is exactly equal to the torsion angle reaction
coordinate. At a torsion angle of zero degrees they are precisely radially aligned. Above, the ring bending
problem and its solution by adiabatic mapping along multiple paths is discussed for an idealized example;
however, the same problem and solution have been observed for tryptophan-47 rotational isomerization
in variant-3 scorpion neurotoxin with truncated neighbor side chains (unpublished results). In the two
dimensional χ1 × χ2 torsion space of tryptophan-47 at least a half dozen adiabatic mapping paths were
required to solve the ring bending problems that occurred at the transition states and along high energy
ridges.

Secondary transitions are another cause of isomerization path dependency. This problem is presented
using adiabatic mapping of side chain isomerization as an example; however, as with the ring bending
problem most of the below discussion applies to other simulation methods, such as thermodynamic inte-
gration, where a molecular system is driven along a reaction coordinate. Given a rotational isomerization
energy mapping of a particular side chain, a secondary transition is an isomerization of another side chain
or a backbone dihedral angle. If the secondary residue interacts only weakly with the mapped side chain,
then the secondary transition shifts the energy mapping by a constant value. If the interaction is strong,
then barrier heights and well depths and positions are all changed. For example, suppose that the mapped
side chain is a tryptophan and that the secondary residue is a neighboring glycine with two isomers of the
backbone dihedral angles. One glycine isomer places the backbone in a normal beta sheet conformation
and the other isomer places the backbone in a highly distorted beta sheet conformation. Assuming a
significant barrier between these two glycine isomers, it is in principle possible to construct two adia-
batic mappings of the tryptophan rotational isomerization, one for each glycine isomer. The tryptophan
adiabatic mapping with glycine in the distorted isomer might be offset several kcal/mol higher than the
normal isomer mapping, where this energy difference is that between the two backbone conformations.
Since the beta sheet distorsion is likely to change the backbone structure at the tryptophan and the
tryptophan Cα to Cβ bond direction relative to the beta sheet, the two tryptophan adiabatic mappings
are also likely to find different relative energies for each tryptophan isomer. In practice, it is usually
impossible to compute separate adiabatic mappings for secondary isomers. In fact, many unpredictable
secondary transitions occur along any adiabatic mapping path and are a major cause of isomerization
path dependency. The large structural distorsion and energy shift of the above glycine isomerization are
representative of the secondary transitions that occur when a cyclic side chain is driven over an isomer-
ization barrier too rapidly. The secondary transition problem can be reduced by extensively relaxing with
molecular dynamics, for example between each minimization step of an adiabatic mapping.

Minimum perturbation mapping solves the secondary transition problem. Since all the minimum
perturbation mapping initial structures are generated by rigid rotation from a single crystallographic
structure, a secondary transition at one minimum perturbation mapping grid point has an effect only
on that one grid point. In simulation methods, such as adiabatic mapping, where a system is driven
along an isomerization path, a secondary transition that occurs at one point on the path has an effect
on all subsequent points along the path. Because many of the minimum perturbation mapping initial
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structures have very bad van der Waals contacts, it might be expected that a minimum perturbation
mapping on a given segment of isomerization path would contain many more secondary transitions than
an adiabatic mapping along the same segment. If fact, the opposite seems to be the case. If a system is
driven along an isomerization path without very extensive relaxation, there is a cumulative stress that
greatly increases the probability of secondary transitions. Since minimum perturbation mapping relies
solely on energy minimization within a local minima defined by the initial structures, the probability of
secondary transitions is greatly reduced. Minimum perturbation mapping solves the secondary transition
problem by eliminating secondary transitions. Some secondary transitions must be considered to obtain
the correct energy mapping. For example, if the only important secondary transition is the rotational
isomerization of a single neighboring side chain, this might be handled by explicit minimum perturbation
mapping of the joint isomerization of both side chains. The corrected map for the original side chain is
then given by appropriately averaging over the joint energy mapping. The more complex case of multiple
interacting side chains could be handled along the lines suggested in the introduction by truncating key
side chains and then expressing the energy as a sum of rotamer self-energies and pairwise interaction
energies. Note that it is not necessary to truncate a neighboring side chain, if it is known to have only
one significant conformation. Another important approach to modeling secondary transitions is to first
construct a minimum perturbation mapping in their absence and then use the minimum perturbation
configuration map as a set of initial structures for another sampling technique such as thermodynamic
intergration.

B. Metric tensor determinants

As discussed in Sec. III A, either a rigid or a deformable geometry rotational isomerization model can be
constructed from a minimum perturbation mapping. The difference between these models is in the metric
tensor, which in turn depends on the transformation equation from χ1 × χ2 torsion space into Cartesian
coordinate space and its partial derivatives, Eqs. (1) and (5) in the theory section. Equation (27) gives
the partial derivatives of the rigid geometry transformation equation. Recalling that the rigid geometry
transformation equation is constructed by rigid rotation of a reference structure, Eq. (27) implies that
the scalar products of these partial derivatives depend only on χ2. Since the metric tensor determinant
is a function of these scalar products, the rigid geometry metric tensor determinant depends only on χ2

and is independent of χ1. In fact, a simple trigonometric function gives a good fit to the rigid geometry
metric tensor determinant. In the case of variant-3 scorpion neurotoxin tryptophan-47, the least squares
best fit to the square root of the rigid geometry metric tensor determinant is

|T(χ1, χ2)| 12 = 482 + 216 sin2(χ2) gm mol−1 Å2, (38)

where χ1 and χ2 are the tryptophan-47 side chain torsion angles. The root mean square residual for
this fit is 4.3 gm mol−1 Å2. The reference structure for this fit is the variant-3 scorpion neurotoxin
crystallographic structure with bad contacts removed. From Eq. (13), the entropic part of the χ1 × χ2

torsion space free energy of rotational isomerization is −kBT times the logarithm of the square root of
the metric tensor determinant. The range of 216 gm mol−1 Å2 for the square root of the rigid geometry
metric tensor determinant corresponds to 0.22 kcal/mol for the entropic part of the free energy at 300 K.
Table I gives the free energy for each of the five wells in tryptophan-47 χ1 ×χ2 torsion space. These free
energies are computed by integrating the configurational probability, Eq. (9), over each χ1 × χ2 torsion
space well and converting the resulting well probabilities to free energies as indicated by Eq. (12). Table
I shows that the free energies of the wells differ by up to 0.44 kcal/mol from the energy minima of the
wells. This difference between free and minimum energy is mainly due to differences in the χ1×χ2 torsion
space volume of the wells, which are visible in the minimum perturbation energy map in Fig. 2. If the free
energies shown in Table I are recalculated with the metric tensor determinant identically equal to one,
the maximum difference from the free energies shown in Table I is 0.024 kcal/mol. This is the maximum
contribution of the rigid geometry metric tensor determinant to the free energy differences between the
wells.

The minimum perturbation configuration mapping is the transformation equation for the deformable
geometry rotational isomerization model. The configuration map partial derivatives are calculated as
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described in Sec. III.D and inserted into Eq. (5) to give the metric tensor for the deformable geometry
rotational isomerization model. Figure 3 shows the square root of the metric tensor determinant for the
deformable geometry rotational isomerization model. As might be expected, the numerical differentiation
makes the deformable geometry metric tensor quite sensitive to random errors in the minimum pertur-
bation mapping. The Gaussian filtering with a standard deviation of 0.3 times the maximum spatial
frequency eliminates most of the random error without seriously degrading the high spatial frequency
features. Comparing Fig. 3 to the fit to the square root of the rigid geometry metric tensor determinant
given by Eq. (38), it is apparent that the ratio of maximum to minimum square root of the metric ten-
sor determinant is more than an order of magnitude larger for the deformable than the rigid geometry
isomerization model. If the free energies shown in Table I are recalculated with the deformable geometry
metric tensor determinant, the maximum difference from the free energies shown in Table I is about 0.3
kcal/mol. This is the maximum contribution of the deformable geometry metric tensor determinant to
the free energy differences between the wells.

C. Transition state theory

Table II gives the rigid geometry participant space model for the X to I isomer transition state. The model
is constructed from the minimum perturbation energy map of tryptophan-47 rotational isomerization in
variant-3 scorpion neurotoxin with free neighbor atoms. The χ1 × χ2 torsion space saddle point, energy
saddle, and quadratic potential shown in Table II are the least squares best fit to the 197 grid points
within 40 degrees of grid point (−165, 165). The root mean square residual for this fit is 0.53 kcal/mol.
The quadratic potential is dimensioned for torsion angles measured in radians. The reference structure
for the rigid geometry metric tensor is the variant-3 scorpion neurotoxin crystallographic structure with
bad contacts removed. The metric tensor given in Table II is computed for the grid point at (−165, 165).
As discussed in the previous section, the rigid geometry metric tensor depends only on χ2. Table II also
gives the eigenvalues and eigenvectors that simultaneously diagonalize the metric tensor and quadratic
potential, as indicated by Eqs. (15) and (16). The eigenvectors are the column vectors within the
eigenvector matrix.

The rigid geometry participant space models for the four possible isomerization reactions of tryptophan-
47 are given in Table III. These models are constructed from the minimum perturbation energy map of
tryptophan-47 rotational isomerization in variant-3 scorpion neurotoxin with free neighbor atoms. The
column headings list the four isomerization reactions. The three rows designated transition state give
the essential information about each transition state. The energy at the saddle point and the positive
eigenvalue determine the probability of finding the system in the transition state, as indicated by Eq.
(23). The five rows designated reactant and product give the essential information about the respective
reaction rates. The component frequency and Boltzman factors are given for each rate. The Boltzman
factors are expressed relative to the energy minimum of each well. The forward rate out of the crys-
tallographic well is 2.27 × 105 s−1. A previous one dimensional transition state model for escape from
the crystallographic well of tryptophan-47 in variant-3 scorpion neurotoxin predicted a forward rate of
2 × 105 s−1. This previous estimate was based on an umbrella sampling simulation of the barrier height
and included all neighbor side chains and explicit solvent.4 This close agreement reflects the similarity of
the barrier heights found in both calculations. From Table III the minimum perturbation mapping height
is 8.68 kcal/mol and the height estimated by umbrella sampling is 8.5 kcal/mol. In view of the systematic
differences between these calculations this agreement is in large part coincidence. If Table III is recom-
puted with a deformable geometry participant space model based on the metric tensor determinant in
Fig. 3, the new isomerization rates are all within a factor of two of the rigid geometry model values. This
is consistent with the above discussion of Fig. 3 and Table I, where it was remarked that the maximum
contribution of the deformable geometry metric tensor determinant to the free energy differences between
the wells is about 0.3 kcal/mol.

Figure 4 shows the top ten van der Waals interactions in the X to I isomer transition state region of
the minimum perturbation mapping. The very strong interaction of tryptophan-47 Cδ1 with C suggests
redefining the χ1 and χ2 torsion angles as along atoms C − Cα − Cβ − Cγ and Cα − Cβ − Cγ − Cδ1,
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respectively. The strong tryptophan-47 Cε3 interaction with alanine-42 Cβ suggests adding a virtual
dihedral angle containing these two atoms. A reaction coordinate that is a linear combination of these
three dihedral angles might very effectively constrain tryptophan-47 in the X to I isomer transition state
region.

D. Umbrella sampling

In Fig. 5 the results of the 100 ns umbrella sampling simulation with free neighbor atoms are compared
with the predictions of the participant space isomerization theory. Parts (a) and (b) give umbrella
sampling results and parts (c) and (d) the corresponding theoretical predictions. Parts (a) and (c)
compare the entropic part of the Helmholtz free energy and (b) and (d) compare the potential energies.
The predicted entropic part of the free energy −TS in part (c) is calculated from Eq. (13). The metric
tensor is the deformable geometry metric tensor with free neighbor atoms that is shown in Fig. 3. The
predicted potential energy in part (d) is the sum of the bias potential and the energy map that is shown
in Fig. 2(b). Though the participant space theory predictions extend over the entire χ1 × χ2 torsion
space, it is easier to compare them to the umbrella sampling results if the χ1×χ2 torsion space is divided
into sampled and unsampled regions that are identical to the umbrella sampling sampled and unsampled
regions. Since the sampled regions are the lower energy regions where both the energy map and the
configuration map have the greatest accuracy, the predictions of the participant space theory are also
most accurate in the sampled regions. The predicted maps for the entropic part of the free energy and
the potential energy are smoothed by convolution with a Gaussian normalized over the sampled area in
exactly the same fashion as the umbrella sampling results in parts (a) and (b) of Fig. 5, see Sec. III.D.
In all four parts of Fig. 5 the very closely spaced contours along the boundary between the sampled and
unsampled regions are due to setting the energy in the unsampled region to the median energy in the
sampled region.

The umbrella sampling and predicted entropic part of the free energy are in qualitative agreement.
Both vary over a range of 2.0 kcal/mol and have maxima and minima at approximately the same positions.
For example, there are minima elongated in the χ1 direction at (−120,−150), low plateaus around
(−180, +90), and maxima elongated in the χ2 direction at (−30,−120) and (−60, +60). Even in the first
quadrant where the agreement is not as good, corresponding maxima and minima appear at somewhat
shifted positions. The umbrella sampling result shows a minimum elongated in the χ1 direction at
(+160, +130) and maxima at (+50, +90) and (+90, +60). These seem to correspond to predicted minima
at (+150, +140) and (+70, +130) and maxima at (+60, +80) and (+120, +60). The precipitous drop
predicted at (−20, +180) is due to a discontinuity in the minimum perturbation mapping, which is
apparent in Fig. 2(a).

The umbrella sampling potential energy differs only slightly from the energy predicted by the par-
ticipant space isomerization theory, see parts (b) and (d) of Fig. 5. In the low energy regions of the
minimum perturbation energy mapping the bias potential precisely cancels the energy mapping and the
predicted potential energy is very flat. In the high energy regions the bias potential is very flat and the
predicted potential energy is very nearly equal to the minimum perturbation mapping. Near the 13.0
kcal/mol energy contour of the minimum perturbation mapping the predicted potential energy makes a
gradual transition from flatness to the energy given by the minimum perturbation mapping. This gradual
transition occurs because the bias potential is filtered after truncation at 13.0 kcal/mol of the mapping
shown in Fig. 2(a). The umbrella sampling potential energy shown in Fig. 5(b) is flat to within about
0.1 kcal/mol in the region that is predicted to be flat. The umbrella sampling potential energy turns
upward along the border of the sampled and unsampled regions more or less where predicted, though this
turning up is somewhat more gentle than predicted. The average temperature during the one nanosecond
intervals between velocity scaling fluctuated by about 0.1 degree around 300 K.

E. Order parameters

Figure 6 shows indole order parameters as a function of the transition dipole orientation. The absorption
and emission dipoles are parallel. The azimuthal angle ϕ′ and the polar angle ϑ′ give the orientation
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of the transition dipoles in a coordinate frame fixed on the indole side chain as described in Sec. III.D.
The order parameters shown in the figure are for the X1 isomer well. This is the isomer observed in
the crystallographic structure. The indole orientation weight factors are derived from the minimum
perturbation map with free neighbor atoms. Parts (a) and (b) of Fig. 6 compare the rigid and deformable
geometry order parameters. The rigid and deformable geometry order parameter ranges are about the
same at 0.154 and 0.137, respectively. However, the average over transition dipole orientation of the rigid
geometry order parameter is about 0.05 lower than the average deformable geometry order parameter and
the transition dipole orientation with maximum rigid geometry order parameter is shifted towards the
indole plane as compared to the nearly polar transition dipole orientation with the maximum deformable
geometry order parameter. Though order parameters with free energy weight factors are not shown
here, the difference between the order parameters with weight factors derived from the free energy verses
the internal energy is about an order of magnitude smaller than the difference between the rigid and
deformable geometry order parameters in Fig. 6. The effects of free verses internal energy weighting are
comparable to rigid verses deformable geometry when the order parameters are calculated over multiple
interconverting isomers. To keep these effects separate, all the results presented here are for internal
energy weighting.

An important feature of the participant space model is the freedom to select the order parameter
region of integration and thus the order parameter time scale. This time scale is the fastest inverse rate
constant for escape from the region of integration. The potential energy barrier for escape from the X1
isomer well is 0.62 kcal/mol, see Fig. 2(b) and column 2 of Table III. Also from Table III, the inverse rate
constant for escape over this barrier is 10 ps. This is the order parameter time scale. Since this time scale
is approximately the same as the time resolution of a fluorescence anisotropy decay spectrum measured
by time-correlated single photon counting, the order parameters in Fig. 6 give the contribution of X1 well
internal motion to the zero time anisotropy. The time scale for order parameters for the combined X1,
X2, and X3 well, or X well for short, is that for escape into the I2 well, which from column 1 of Table III
is about 4 microseconds. Since this is much longer than the several nanosecond fluorescence lifetime, the
X well order parameter gives a plateau value of the anisotropy decay. This X well plateau value must be
weighted by the occupancy of the X well and multiplied by an exponential factor to account for overall
protein motion. The X well rigid geometry order parameters vary from 0.568 to 0.619 in the indole plane
and 0.555 to 0.920 for arbitrary parallel transition dipole orientations. From Fig. 6(a) the comparable
values for the X1 well are 0.785 to 0.892 in plane and 0.785 to 0.939 for arbitrary orientations. Not shown
in Fig. 6, the comparable values for the X2 well are similar to the X1 well at 0.884 to 0.940 in plane
and 0.877 to 0.950 for arbitrary orientations. Assuming that the transition dipoles are reasonably close
to parallel to the indole plane and recalling that the X1 (or X2) and X well order parameter time scales
are respectively fast and slow compared to both the fluorescence resolving time and lifetime, the X well
anisotropy will decay at least 20% during the fluorescence lifetime.

Since the above X1 and X well time scales and order parameter estimates assume the truncated neigh-
bor side chain approximation, they apply to the neurotoxin homolog with mutations E2A, Y4A, Y40A,
Y42A, and E49A and must be extended to the wild type neurotoxin. As discussed in the introduction,
the assumption behind the truncated side chain approximation is that the effects of neighbor side chains
on the isomerization of a given side chain can be decomposed into pairwise interactions of the given side
chain with its neighbors and pairwise interactions among its neighbors. Of the five truncated neighbor
side chains, the pairwise interaction between tryptophan-47 and tyrosine-4 is probably the strongest be-
cause there is a substantial overlap of the crystallographic isomer of tyrosine-4 and the X2 and I1 isomers
of tryptophan-47. The pairwise interactions between tryptophan-47 and glutamate-2 and 49 are also
probably significant due to the ionization charge on the glutamates. Interactions with tyrosine-40 and 42
are probably of lesser importance. For each of the five truncated side chains it is possible to compute an
energy map that is the correction to the truncated side chain free energy of isomerization in Fig. 2 for that
side chain. In the approximation that the interactions between the five neighboring side chains are weak,
the wild type energy map is given by the sum of these five correction maps and the truncated side chain
map. This calculation has not been done yet; however, it is possible to make some qualitative statements
based on other previous results. Tryptophan-47 did not escape from the crystallographic X1 isomer well
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into the X2 isomer well during more that 100 ps of umbrella sampling on the wild type neurotoxin.4 This
as well as the above mentioned overlap with tyrosine-4 suggests that the time scale for the wild type X1
order parameter is much longer than the 10 ps reported here for the homolog and certainly longer than
the time scale for excited state interconversion kinetics reported by Ruggiero et al.47 Since the general
shape of the wild type X1 well is probably unchanged from that calculated here, the wild type X1 order
parameter should be greater than about 0.8.

V. CONCLUSIONS

When molecular structure changes accompanying side chain isomerization are localized to near neigh-
boring residues, the minimum perturbation mapping method can apparently give isomerization internal
energy estimates approaching ±0.1 kcal/mol accuracy, which is better than the accuracy of most molec-
ular mechanics empirical parameters. The minimum perturbation energy and configuration map are
smooth functions of the χ1 × χ2 torsion space at this ±0.1 kcal/mol accuracy. The resulting Boltzman
weighting function, metric tensor, and side chain Euler orientation angles are smooth enough to construct
a participant space theory of side chain isomerization whose predictions depend systematically on the
underlying empirical parameters.

The participant space theory prediction and the umbrella sampling calculation of the entropic part of
the free energy of side chain isomerization are in reasonable qualitative agreement. It is interesting that
a two dimensional participant space theory gives a reasonable estimate even though the tryptophan side
chain isomerization within a protein necessarily involves of the order of 102 degrees of freedom. It can be
speculated that a quantitatively accurate estimate of the free energy for side chain isomerization might
be computed by cleverly selecting a participant space with not more than a few degrees of freedom.
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TABLE I. Well energies and probabilities of the minimum perturbation mapping of tryptophan-47 rota-
tional isomerization in variant-3 scorpion neurotoxin. The free energies and probabilities are computed for
the rigid geometry participant space isomerization model at a temperature of 300 K. The well positions
listed are the tryptophan-47 χ1 × χ2 torsion space coordinates of the minimum energy grid points.

X1 X2 X3 I1 I2
χ1, χ2 (degrees) −165, 85 −100, 65 85, 105 −65,−110 −180,−105
Energy minimum (kcal mol−1) 1.99 1.08 5.72 0.00 1.11
Free energy (kcal mol−1) 1.55 1.01 5.28 0.00 0.73
Probability 4.79% 11.8% 0.0091% 64.3% 19.0%

TABLE II. Diagonalization of the X to I isomer transition state of the minimum perturbation mapping
of tryptophan-47 rotational isomerization in variant-3 scorpion neurotoxin. The metric tensor, eigenval-
ues and eigenvectors are computed from the rigid geometry participant space isomerization model at a
temperature of 300 K.

X1,2,3 ⇀↽ I1,2
χ1, χ2 saddle point (degrees) −164, 166
Energy saddle (kcal mol−1) 9.76

Quadratic potential (kcal mol−1)
[

24.41 −1.09
−1.09 −18.56

]

Metric tensor (gm mol−1Å2)
[

715 −172
−172 386

]

Eigenvalues (kcal gm−1Å−2)
[

−52.4
35.2

]
× 10−3

Eigenvectors (gm mol−1Å2)−1/2

[
8.76 38.62

53.56 5.98

]
× 10−3
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TABLE III. Isomerization rates for the minimum perturbation mapping of tryptophan-47 rotational
isomerization in variant-3 scorpion neurotoxin. The isomerization rates are calculated from the rigid
geometry participant space isomerization model at a temperature of 300 K. The reactant and product
wells are specified in the column headings. The forward rate is normalized per unit probability in the
reactant well and the reverse rate is normalized per unit probability in the product well.

X1,2,3 ⇀↽ I1,2 X1 ⇀↽ X2 X1,2 ⇀↽ X3 I1 ⇀↽ I2
Transition state

χ1, χ2 saddle point (degrees) −164, 166 −135, 85 123, 94 −120,−108
Energy saddle (kcal/mol) 9.76 2.61 7.11 3.49
Positive eigenvalue (ps−2) 14.7 25.2 24.1 24.8

Reactant
Energy minimum (kcal/mol) 1.08 1.99 1.08 0.00
Relative probability 16.6% 28.8% 99.945% 77.2%
Frequency factor (s−1) 0.480 × 1012 0.278 × 1012 0.375 × 1012 0.583 × 1012

Boltzman factor 4.74 × 10−7 0.348 4.06 × 10−5 2.85 × 10−3

Forward rate (s−1) 2.27 × 105 9.68 × 1010 1.52 × 107 1.66 × 109

Product
Energy minimum (kcal/mol) 0.00 1.08 5.72 1.11
Relative probability 83.4% 71.2% 0.055% 22.8%
Frequency factor (s−1) 0.583 × 1012 0.516 × 1012 0.283 × 1012 0.306 × 1012

Boltzman factor 7.77 × 10−8 0.0761 0.0978 1.83 × 10−2

Reverse rate (s−1) 4.54 × 104 3.92 × 1010 2.77 × 1010 5.61 × 109
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FIG. 1. Variant-3 scorpion neurotoxin tryptophan-47 and neighboring atoms in their crystallographic
positions. The atoms shown are those that are free in the minimum perturbation mapping and umbrella
sampling simulations with free neighbor atoms. The Cβ atoms of the two truncated glutamines are the
darkened balls to the left of tryptophan-47 and the Cβ atoms of the three truncated tyrosines are the
darkened balls to the right.
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FIG. 2. Minimum perturbation mapping of tryptophan-47 χ1 × χ2 isomerization in variant-3 scorpion
neurotoxin. (a) Mapping with free neighbor atoms. (b) Free neighbor atom mapping after outlier dis-
crimination and Gaussian filtering. (c) Fixed neighbor atom mapping after outlier discrimination and
Gaussian filtering. In all plots the contour levels are: dashed, 1, 3, 5, 7, 9; solid, 2, 4, 6, 8, 10, 100, 1000;
dotted, 15.8, 25.1, 39.8, 63.1, 158, 251, 398, 631 kcal/mol. In parts (a) and (b) zero corresponds to −303.5
kcal/mol, which is the minimum energy of the filtered mapping. In part (c) zero corresponds to −22.0
kcal/mol.
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FIG. 3. Square root of the deformable geometry metric tensor determinant for the minimum perturbation
mapping of tryptophan-47 rotational isomerization in variant-3 scorpion neurotoxin with free neighbor
atoms. Contour levels are at 100 gm mol−1 Å2 intervals. Contour levels ranging from 200 to 1000 in
steps of 200 are solid and labeled 2 through 10.

FIG. 4. Pair-wise Lennard-Jones force magnitudes between tryptophan-47 side chain atoms and neigh-
boring atoms excluding any pairs including Cα, Cβ, or Cγ of tryptophan-47. The forces are computed
from the minimum perturbation configuration map for tryptophan-47 isomerization in variant-3 scorpion
neurotoxin with free neighbor atoms. The forces are plotted along a constant χ1 reaction path passing
through the X to I isomer transition state at (−165, +165). Ranked in order of force magnitude at the
transition state, the atom pairs are: solid, W47 Cδ1 - W47 C; long, short, short, W47 Cδ1 - C48 N; long,
short, W47 Cε3 - A42 Cβ ; long, dot, W47 Cδ1 - G3 C; long, W47 Cδ1 - G3 Cα; medium, W47 Cδ1 - G3 O;
dot, W47 Cδ1 - C48 H; solid, W47 Cδ1 - G3 N; long, short, short, W47 Nε1 - G3 Cα; long, short, W47 Cδ1

- C48 O.
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FIG. 5. Umbrella sampling results and deformable geometry participant space isomerization model
predictions for tryptophan-47 rotational isomerization in variant-3 scorpion neurotoxin with free neighbor
atoms. Part (a) is the umbrella sampling entropic part of the Helmholtz free energy and part (b) is the
umbrella sampling potential energy. Part (c) is the predicted entropic part of the free energy and part
(d) is the predicted potential energy. Contour levels are at 0.1 kcal/mol intervals. In parts (a) and (c)
contour levels ranging from 0.0 to 1.8 in steps of 0.2 are solid and labeled 0 through 18. The map in part
(c) is shifted by a constant energy to bring the contour level labels into approximate correspondence with
part (a). In parts (b) and (d) the energy minimum is 0.0 and contour levels ranging from 0.2 to 1.0 in
steps of 0.2 are solid.
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FIG. 6. Crystallographic well order parameters as a function of the transition dipole orientation rel-
ative to the indole ring. The order parameters are computed for the minimum perturbation mapping
of tryptophan-47 isomerization in variant-3 scorpion neurotoxin with free neighbor atoms. The order
parameters are 10−2 times the value of the contour line labels. (a) Indole orientations are computed
according to the rigid geometry model. (b) Indole orientations are computed according to the deformable
geometry model. The indole orientation probabilities are given by the internal energy rather than the
Helmholtz free energy.
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